In this article we study Titchmarsh divisor problem in the context of abelian varieties. Under GRH, we obtain an asymptotic formula.
Introduction
For n a positive integer we denote by τ (n) the number of positive divisors of n. Throughout this paper p denotes a prime number. For a fixed a ∈ Z >0 , Titchmarsh in 1931 in [T] (1 + 1 p(p − 1) ) + O( x log log x log x ), as x → ∞.
Linnik in 1961 in [L] proved, by using his dispersion method, the above asymptotic formula unconditionally, and later, Rodriquez ([R] ), and Halberstam where π 1 (x, m) = |{p ≤ x| p is prime and p ≡ 1 (mod m)}|. Hence one can make the following interpretation of Titchmarsh's result. For each positive integer m and for each odd prime number p, one has that p ≡ 1 (mod m) if and only if p splits completely in Q(µ m ), where µ m is a primitive m-root of unity. Hence in (1.1) for each m ∈ N, one counts the number of primes p ≤ x such that p splits completely in Q(µ m ). This interpretation of Titchmarsh's result has lead the authors of [AG] to consider the analogue of Titchmarsh divisor problem in the context of abelian varieties, by replacing Q(µ m ) above, by the fields
is the set of m-division points of an abelian variety A over Q. In this paper, under GRH, we study this analogue of Titchmarsh divisor problem ( [T] ) in the context of general abelian varieties over arbitrary number fields and obtain an asymptotic formula.
Consider A an abelian variety defined over a number field F , of conductor N , and of dimension r, where r ≥ 1 is an integer. Let Σ F be the set of finite places of F , and let P A be the set of primes ℘ ∈ Σ F of good reduction for A, Let a be a positive integer. For ℘ ∈ P A we define
through the scalar matrix a · I 2r },
, and by using the Weil pairing on the abelian variety A we get that the action of
, and thus |τ A,a,F (℘)| < ∞ for all ℘ ∈ P A such that N F/Q ℘ > a 2 (in order to simplify our notations we assume from now on that N F/Q ℘ > a 2 ). For x ∈ R we define
In this paper we prove the following result: Theorem 1.2. Let A be an abelian variety over a number field F of dimension r ≥ 1. Let a be a positive integer. Assume that the Generalized Riemann Hypothesis (GRH) holds for the Dedekind zeta functions of the division fields for A. Then we have
Theorem 1.2 is the analog of Titchmarsh divisor problem in the context of abelian varieties (see the beginning of this Introduction and also [AG] ). The asymptotic formula from Theorem 1.2 above represents an improvement of the main asymptotic formulas of [AG] where only the very particular case of abelian varieties defined over Q that contain elliptic curves defined over Q was considered. Also Theorem 1.2 is an improvement of the main theorems of [V] , i.e. of Theorems 1.1, 1.2, and 1.3 of [V] : the asymptotic formulas from Theorem 1.2 above and Theorem 1.1 of [V] coincide only when r = 1, the asymptotic formulas from Theorem 1.2 above and from Theorem 1.2 of [V] coincide only when h = 1 (see Theorem 1.2 of [V] for the definition of h), and the asymptotic formula from Theorem 1.2 above and first asymptotic formula from Theorem 1.3 of [V] coincide only when h = 1 (see Theorem 1.3 of [V] for the definition of h). In order to prove Theorem 1.2, and improve the results from [AG] and [V] , we make use of the Lemmas 2.3, 2.4, and 2.5, and of Chebotarev density theorem.
We remark that in Theorem 1.3 of [V] in some cases, i.e. when h = e = 1 (see Theorem 1.3 of [V] for notations), one obtains by a different method a better asymptotic formula than in Theorem 1.2 above. One can expect, as in the case of the error term from Riemann Hypothesis, that the best possible error term in Theorem 1.2 above should be O(x 1/2 (log x) A ), for some A > 0, but we are not able to prove this result in this paper!
General abelian varieties
For F a number field, we denote G F := Gal(F /F ). Let A be an abelian variety over F of dimension r ≥ 1, and of conductor N . Let Σ F be the set of finite places of F , and for ℘ a prime of F , let F ℘ be the residue field at ℘. Let P A be the set of primes ℘ ∈ Σ F of good reduction for A, (i.e. (N F/Q ℘, N F/Q N ) = 1). For ℘ ∈ P A , we denote byĀ the reduction of A at ℘. 
For a rational prime l, let
and V l (A) = T l (A) ⊗ Q. The Galois group G F acts on
where Z l is the l-adic completion of Z at l, and also on V l (A) Q 2r l , and we obtain a representation
which is unramified outside lN F/Q N . If ℘ ∈ P A , let σ ℘ be the Artin symbol of ℘ in G F , and let l be a rational prime satisfying (l, N F/Q ℘) = 1. We denote by
One can identify T l (A) with T l (Ā), whereĀ is the reduction of A at ℘, and the action of σ ℘ on T l (A) is the same as the action of the Frobenius π ℘ ofĀ on T l (Ā). We know (Riemann Hypothesis) that
We know (see for example page 195 of [SI] , and Lemma 1 of [BK] ):
Lemma 2.1. Let A be an abelian variety defined over a number field F , of dimension r, of conductor N , and let a and m be positive integers. Then 1. The extension F (A[m])/F is ramified only at places dividing mN , 2.
2r through the scalar matrix a·I 2r , from the Weil pairing we get that m|N F/Q ℘ − a 2 .
We know (see (3.1) of [AG] ):
Lemma 2.2. Let A be an abelian variety defined over a number field F . Let > 0. Then, with the same notations as above, we have
Lemma 2.3. Let A be an abelian variety over a number field F , of conductor N . Let ℘ ∈ P A , and let p be the rational prime below ℘. Let m be an integer relatively prime to p, and let a be a positive integer. If σ ℘ acts on A[m] (Z/mZ) 2r through the scalar matrix a · I 2r , then
is an algebraic integer for any i = 1, . . . , r.
Proof : Let l|m be a rational prime, and let m(l) be the largest natural number such that l m(l) |m. Since σ ℘ acts on A[m] (Z/mZ) 2r through the scalar matrix a · I 2r , we know thatĀ(
, and we get that ρ A,l (σ ℘ ) = aI 2r +l m(l) B l , where is an algebraic integer for any i = 1, . . . , r.
We define y i,℘,a :=
2r through the scalar matrix a · I 2r , from the proof of Lemma 2.3, we know that (X − y 1,℘,a )(
where
Lemma 2.4. With the same notations as in Lemma 2.3, if σ ℘ acts on A[m] (Z/mZ) 2r through the scalar matrix a · I 2r , then
Proof : From above we know that
Lemma 2.5. We have
2 , for i = 1, . . . , r, we are done.
Chebotarev density theorem
Let L/F be a Galois extension of number fields, with Galois group G. We denote by n L and d L the degree and the discriminant of L/Q, and by d F the discriminant of F/Q. Let P(L/F ) be the set of rational primes p which lie below places of F which ramify in L/F .
We know (see page 130 of [S] ):
Using the same assumptions as above, let C be a conjugacy class in G. For a positive real number x, let
where σ ℘ is a Frobenius element at ℘. The Chebotarev density theorem says that
and moreover we know (see Theorem 4 from page 144 of [S] ):
Lemma 3.2. Let L/F be a Galois extension of number fields. If the Dedekind zeta function of L satisfies the GRH, then
for every x ≥ 2, where the implied O-constant is absolute.
4 The proof of Theorem 1.2
We want to estimate the sum
Hence it is sufficient to consider only positive integers m satisfying m ≤ (1 + a)x 1 2 . Thus From Lemma 2.4 we know that for each ℘ ∈ S b,a (m) we have m 2 |rN F/Q ℘ + a · a 1,A (℘) + a 2 r, and from Lemma 2.1 we know that for each ℘ ∈ S b,a (m) we have m|N F/Q ℘ − a 2 , and hence we get also that for each ℘ ∈ S b,a (m) we have m|a · a 1,A (℘) + 2a 2 r. Therefore
